Aharonov-Bohm effect in the non-Abelian quantum Hall fluid 
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The v = 5/2 fractional quantum Hall effect state has attracted great interest recently, both as an arena 
to explore the physics of non-Abelian quasiparticle excitations, and as a possible architecture for topological 
quantum information processing. Here we use the conformal field theoretic description of the Moore-Read state 
to provide clear tunneling signatures of this state in an Aharonov-Bohm geometry. While not probing statistics 
directly, the measurements proposed here would provide a first, experimentally tractable step towards a full 
characterization of the 5/2 state. 
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The quantum Hall fluid has become a paradigm of strongly 
correlated quantum systems 0,0]. A combination of two- 
dimensional confinement and strong magnetic field leads to 
rich phenomena driven by electron-electron interaction and 
disorder. As such, the use of traditional theoretical techniques 
such as many-body perturbation theory has had only limited 
success, and, in an approach pioneered in 1983 by Laughlin 
0, some of the most important advances have been made 
by correctly guessing the many-particle wave function. The 
states described by Laughlin, and their generalizations 00], 
have Hall conductances a xy given (in units of e 2 /h) by frac- 
tions with odd denominators only. The charged excitations, 
which have fractional charge 0,0,01 an d statistics 01, are 
abelian anyons. In 1987, however, evidence for an even- 
denominator quantized Hall state at v = 5/2 was discovered 
in the first excited Landau level 0], and the state is now rou- 
tinely observed in ultrahigh-mobility systems I^ HollTlll . Mo- 
tivated in part by this surprising result, Moore and Read (MR) 
introduced the ground-state trial wave function fl2ll 



*mr(zi, z 2 , ■ ■ ■ ,z N ) = Pf 



(i) 



for N (even) electrons in a partially occupied Landau level 
with complex coordinates zu where the first term is the Pfaf- 
fian and the standard Gaussian factor is suppressed. Exact 
diagonalization studies QUI indicate that the exact ground 
state at v = 5/2 is close to Q. 

Moore and Read also constructed excited-state wave func- 
tions. By identifying Q with a two-dimensional chiral con- 
formal field theory (CFT) correlation function 



MR 



(zi,z 2 , • • ■ , z N ) = (ip(zi)i/}(z2) ■ ■ ■ ip(z N )} (2) 



of charge 1 fermion fields ip 



: ip M , where is a u(l) 



boson 1 15] and ip M a neutral Majorana fermion, MR proposed 
CFT-based excited states of the form 



(3) 



Here V'qh =:e^/ v/ ^^: a is the fundamental charge 1/4 quasi- 
hole field of the CFT, with a the chiral spin field of the critical 
Ising model. 



The most spectacular prediction of Moore and Read is that 
the quasiparticle excitations of the 5/2 state are non-Abelian: 
An excited state of 2n quasiholes has degeneracy 2"~ 1 , and 
the braiding of their worldlines generates elements from the 
orthogonal group SO(2n) acting on the degenerate multiplet. 
This property follows from the correlation function (fj}, and 
also from an alternative picture of the state Q as a BCS con- 
densate of I = —1 pairs of composite fermio ns 111 611 . which 
supports exotic non-Abelian vortex excitations 1 1 71 1 1 811 . 



In addition to its intrinsic interest as a system to explore 
non-Abelian quantum mechanics, Das Sarma et al. Jl9il have 
proposed to use a pair of antidots at v = 5/2 to construct 
a topological quantum NOT gate, building on an intriguing 
idea by Kitaev to use the transformations generated by non- 
Abelian anyon braiding for fault-tolerant quantum computa- 
tion l2(ill . Unfortunately, the braiding matrices generated by 
(fJJ are not computationally universal. But by generalizing the 
pairing present in $mr to clusters of k > 2 particles, Read 
and Rezayi I2lll have proposed a hierarchy of ground and ex- 
cited states — CFT correlators of parafermion currents reduc- 
ing to (|2ji and Q when k = 2. These parafermion states are 
already computationally universal at k = 3. 

Computation with non-Abelian quasiparticles will be in- 
credibly challenging experimentally. Demonstrating that the 
actual 5/2 state is in the universality class of Q, and that 
the quasiparticles are indeed non-Abelian, are necessary first 
steps. Direct interferometric and thermodynamic probes 
of the non-Abelian statistics have been proposed recently 
i22l Eil . Here we propose an even simpler test of the MR 
state, in a similar antidot geometry. Although the tunnel- 
ing measurement proposed below does not directly probe the 
non-Abelian nature of the excitations, it can distinguish be- 
tween the tunneling of ordinary electrons and that of a bosonic 
charge 1 excitation we call k, which is allowed by the CFT and 
which has lower scaling dimension. And the existence of two 
inequivalent charge 1 excitations is itself a fingerprint of the 
non-Abelian nature of the fundamental quasihole ipq^. Exper- 
imental observation of the electron and k tunneling channels 
would give confidence in the MR state, the powerful CFT ap- 
proach, and, by extension, the k > 2 parafermion hierarchy 
necessary for universal topological quantum computation. 
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FIG. 1: (color online). Antidot inside a v = 5/2 Hall bar with weak 
tunneling points at x\ and x%, threaded by an AB flux (p. 



The geometry we consider is illustrated in Fig. [2 The 
v = 1/3 realization of this system was considered by one of 
us previously ll24ll . and a dual configuration, the double point- 
contact interferometer, was studied previously by Chamon et 
al. 1E5I1 . In the strong-antidot-coupling regime pictured, the 
edge states, indicated by the arrows, are strongly reflected by 
the antidot. This regime can be realized experimentally in two 
physically distinct ways: (i) The Hall fluid can be pinched 
off near the Xi, leaving large tunneling barriers or "vacuum" 
regions. Only electrons can tunnel through these vacuum re- 
gions, (ii) The system can begin in the weak-antidot-coupling 
regime, where current from the upper edge tunnels through 
the antidot (acting as a macroscopic impurity) to the lower 
one, and the temperature is then lowered. The weak tunneling 
regime, which permits quasiparticle tunneling, is unstable at 
low temperatures, as in the v = 1/3 quantum point contact 
and the system then flows to the stable strong-antidot- 
coupling fixed point, which can be described by an effective 
weak-tunneling theory 1E7I1 . In the v = 1/3 case, this effec- 
tive theory contains electron tunneling only, and is identical 
to that of case (i). The most dramatic illustration of this fact 
comes from the exact Bethe Ansatz solution the chiral Lut- 
tinger liquid model for a v = 1/3 point contact containing 
only charge 1/3 quasiparticles, which nonetheless describes 
electron-like tunneling far off resonance 12^1 . 

In principle, the effective weak-tunneling theory for case 
(ii) can be different than that of (i), and we will consider this 
possibility here. Because there is no exact solution available 
for the v = 5/2 quasiparticle tunneling model, we will guess 
the form of the effective theory. Guided by the reasonable 
condition that any charge 1 excitation of the CFT preserv- 
ing the stability of the fixed point can potentially tunnel (the 
charge requirement introduced to recover the v = 1/3 re- 
sult), we need to consider a cluster of at least four fundamental 
quasiholes -0qh- According to the fusion rule a x a = 1 + ip M 
|2<j|3(j], the product -0 q h x ?/> q h x -0 q h x -0 qh = tJj+k yields two 
distinct tunneling objects, the electron/hole ip, and a charge 1 
boson 



iV2tf> . 



(4) 



whose quantum numbers are summarized in Table|I] There are 
also excitations less relevant than the electron that we do not 



need to consider. We emphasize that n is an allowed excitation 
of the Pfaffian state satisfying the parity rule 12^. I30I1 . The 
scaling dimension of k is 1, and if it tunnels it will dominate 
electron tunneling in the low-temperature limit, leaving a clear 
experimental signature. 

We turn now to a calculation of the source-drain current 

I(V, T, ip) = J (V, T) + I AB (V, T) cos (£- + ipj 

as a function of voltage V and temperature T, which accord- 
ing to our analysis can be decomposed into flux-independent 
and period-one oscillatory Aharonov-Bohm (AB) compo- 
nents. Here [i is the mean electrochemical potential of the 
contacts, Ae = 2-kv/L is the noninteracting level spacing on 
the antidot with edge velocity v and circumference L, and tp 
is the AB flux in units of h/e. 

The Hamiltonian in the strong-antidot-coupling regime is 

H = H h +H R + SH, with SH= ( r ^ + T i B i 

i=l,2 

(5) 

The Hamiltonians for the uncoupled right- and left-moving 
edge states of length L sys 



L 



sys 



24 



and i?L 



27ri; / ^ c \ 



are given by the zero modes of the CFT stress tensors T(z) 
and f(z), 



L 



— zT{z) and L = f -zT^z) 



which satisfy the Virasoro algebra with central charge c = 3/2 

JH Him. Then 



1 n=l 



n=l 



and similarly for Lq. The Laurent mode expansion of the 
Majorana field with antiperiodic boundary conditions on the 
cylinder (z = e 27 ™ X / L ^) is 



nGZ 



i> ^-z n -^ m ( z ). 



The u(l) current J(z) = id z <fi has mode expansion 



J(z) 



nGZ 



Jn Z 



-n-1 



with J n = 



dz 
2ttI 



z n J(z). 



Here J / \[2 and Jo / \[2 are the usual g = 1/2 Luttinger liq- 
uid number currents and TVl- The operators 

Bi = ipL(xi)i>li(xi), i = 1, 2, 

entering Eq. (|5jl are tunneling operators acting at points Xi in 
Fig. ^ The fields V'l and V'r appearing in B depend on the 
tunneling object. The tunneling amplitudes at x\ and x-i are 

Fi=rc «WA £+t ,) and p 2 =re -m( M /Ae+p) ) 
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TABLE I: Some chiral conformal fields and their quantum num- 
bers. A c and Ao are the scaling dimensions in the charged and 
neutral sectors, A = A c + Ao is the total CFT dimension, and 
9 = 27rA (mod 2tt) is the statistics angle. 
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where, with no loss of generality, T can be taken to be real. 
The bare amplitude V depends on microscopic details and type 
of tunneling object. 

The tunneling current /(V, T, ip) can be calculated by linear 
response theory along the lines of Refs. ll/Mll and iz^l . leading 
to 

I (V,T) = 4er 2 ImXu(a; = eV) and 
/ab(V,T) = 4er 2 lmX 12 {u = eV), 

where Xij(u>) is the Fourier transform of the response func- 
tion 

with Bi(t) = e lHot Bi e~ lHot and the thermal average 

tr A e- fm ° 



(Ah 



tr e-P Ho 



is taken with respect to the Hamiltonian 



Hl - MR^R - Ml^l- 



The finite-temperature correlation function Xij(t) is com- 
puted in three steps: (i) First, it is split into products of finite- 
temperature correlation functions (with chirality ±) of the 
form (ip±{x,t)ip±(x' ,t')) (ii) Then these one-dimensional 
thermal correlation functions are obtained as zero-temperature 
correlation functions (after Wick rotation to imaginary time 
t) on a cylinder with circumference Lt = v /(k-gT); (iii) Fi- 
nally, we map the cylinder to the complex plane by the confor- 
mal transformation z± = e 2 ^( lVT ± x )/ L T where, for primary 
fields with scaling dimension A, 



(^ ± (z)iij ± (z')) = (z-z'y 



2A 



for \z\ > \z 



(6) 



Under the conformal map a chiral primary field transforms as 

iP±(x,t) (27I-)- 1 / 2 [i d{ J T z ±x) ] A i>± 0), and by going back 
to real time we obtain 



(V4(M)V>±(o)>/3 



(±i7r/i/T) 



4A 



2tt sh 2A [n{x Tvt± ie)/L T 



; (7) 



where £ is a positive infinitesimal required by ©. Finally, the 
desired response function is 



Xij(t) = - 



2ir 2 



Lt) 



4A 



Im < sh [ir {xi — Xj + vt + is) / Lt] sh [ir (xi — Xj — vt — ie) / Lt] 



-2A 



(8) 



When 2A is an integer, which will be the case here, the trans- 
form Xij (uj) has an infinite number of poles of order 2 A and 
can be obtained by residue summation. Note that the local re- 
sponse function which determines the direct current Iq could 
be obtained as the limit 

Xh(lu) = lim ^12(0;). 

I 



We expect that both the electrons and k particles will con- 
tribute to the observed tunneling current, as will the filled Lan- 
dau level. If only electrons tunnel, they will contribute 



(e l) = e 7cl Ae 
h 240tt 2 



64 



2ir— + 20 
Ae 



2tt- 



eV 



2tt- 



eV 



(9) 



and 



r(el) 
'AB 



e 2 7e 2 1 A £ (T/Tq) 3 
h Tr sh 3 (T/T 



ireV 



+2 



l-3cth/ 



ireV 



neV 



T , (T 
— cth — 

n \t 



TreV s 

AT, 
(10) 
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which is identical to that of the g 
QUI. Here 



1/3 chiral Luttinger liquid 

To = hv/irk^L^ (11) 



is a temperature scale associated with the level spacing of the 
antidot edge state of velocity v and circumference L. Above 
To, the thermal length Lj- becomes smaller than L, and the 
AB oscillations become washed out. 7 = T /(vL 2A ~~ 1 ) is 
a dimensionless tunneling amplitude. Each of the two filled 
Landau levels also contributes a Fermi liquid (FL) current 



J 



r(FL) 



l /h)2 1 l l V and 



t-(FL) 
AB 



e Ae (T/Tp) f ,eV 
// 7FL tt sh(T/T ) Sm 



Ae 



The contribution from the re channel alone is 



r(«) 



e 2 4 7 2 /T 



and 



h 3 VT 



r 



1 



4 V^bT 



(12) 



(13) 



'AB 



e 2 1 lAe (T/T ) 2 
ft 



TT sh" (T/T ) 



cth 



Ae 



„ eV ( eV 
2ir—— cos tt— — 
Ae \ Ae 



(14) 



The oscillations of the AB currents as functions of the voltage 
for the three channels at temperature T = To are shown in 
Fig.0 

An experiment will observe these two or three transport 
channels in parallel, the contribution of each determined by 
the bare amplitudes 7 re , 7 e i, and 7 fl- However, the re channel 
will always dominate the electron channel in the low-energy 
limit. 



FIG. 2: (color online) The Aharonov-Bohm current Iab(V,T) for 
A = 1 (re tunneling) as a function of the applied voltage V compared 
to A = 3/2 (electron tunneling) reduced by a factor of 100 and the 
chiral Fermi liquid current (A = 1 /2) multiplied by a factor of 10 at 
T = T . 
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The linear conductance G = (dI/dV)v^o f° r these chan- 
nels takes the form 

G(0,T) = G (T) + cos [2vr + <f>)] Gab CO, 
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FIG. 3: (color online). Aharonov-Bohm conductances for electron 
and re tunneling at v = 5/2. The Fermi liquid conductance is also 
shown. 



where Go and Gab are the direct and the AB conductances, 
respectively. For the re channel they read 



G ( o K) (T) = 
G^(T) = 



47^ 
h J 3 

,2 ■ 



£1U 7 2 (T/To) 

h) Sh 2 (T/T ) 













- 1 









5 



TABLE II: Asymptotic tunneling conductance. To is a crossover 
temperature defined in Eq. <1 U . 





eV < k B T < k B T 


eV < fc B T « fc B T 


Fermi liquid 

A=i 


Go ~ const 
Gab ~ const 


Go ~ const 
Gab ~ Te- T / T ° 


k particle 
A = 1 


Go ~ T 2 
Gab ~ T 2 


Go ~ T 2 
Gab ~ T 3 e" 2T / T o 


electron 

A=| 


Go - T 4 
Gab ~ T 4 


Go ~ T 4 
Gab ~ T 5 e- :iT/T ° 



while for the electron channel we obtain 

«*cn-G)*(A)(J)\ 

[S)Wl) +3 (f) cth (l)[ 

These conductances are compared to the Fermi liquid ones 

Go W (T) = 

G (FL) m _ ^0^2 (TO) 

Gab U) ~ UJ 7FL sh(T/T ) 

and are plotted in Fig. [5] Both the electron and k contributions 
display a pronounced maximum as a function of temperature. 
In the T — ► limit the k contribution, varying as T 2 , domi- 
nates the electron contribution. The temperature dependence 
of G in the low- and high-temperature regimes is summarized 
in Table UTI There is also an interesting zero-temperature non- 
linear regime &bT -C eV <C AbTo, where both the direct and 
AB currents vary as 1^ ~ and i^ e1 ^ ~ F 5 , independent 
of temperature. Finally, we also note that the limit of a single 
v = 5/2 quantum point contact (in the stable, strong tunnel- 
ing regime) follows from our results by letting To — > oo; the 
electron contribution in this case agrees with that for tunneling 
between a FL and v = 5/2 edge state ll32ll . 

In conclusion, we have used the CFT picture of Moore and 
Read 1 12] to calculate the AB tunneling spectrum in a v = 
5/2 antidot geometry. Observing the electron and possibly k 
transport channels will give evidence in support of the non- 
Abelian nature of the 5/2 state. 
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